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Numerical Solution for the Flow of Highly 
Viscous Fluid in Agitated Vessel with 
Anchor Impeller 

Fluid motion in an agitated vessel with an anchor impeller is characterized by 
flow in a horizontal plane induced by the vertical arms of the impeller rotating 
near the vessel wall. A numerical algorithm of the two-dimensional flow in the 
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horizontal plane is established using an iterative method for the determination 
of the boundary values of stream function. The computational results of the velocity 
profiles and agitation power are compared with those of the experiments, and it 
is shown that the numerical method used in this study i s  very useful to analyze the 
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flow past the vertical arms of an anchor impeller. 

SCOPE 

The anchor agitator has a simple and basic configuration 
suited for agitation of a highly viscous fluid, and is widely used 
in the chemical and food industries. Analysis of the flow around 
the vertical blades of an anchor impeller provides significant 
information on agitation with closeclearance impellers re- 
garding power consumption and mixing and heat transfer per- 
formance. Although some experimental studies on flows in the 
region of anchor impeller blades have been reported (Peters and 
Smith, 1967,1969; Murakami et al., 1972), it seems to have been 
difficult for these experimental studies to give detailed infor- 
mation on flow characteristics such as shear rate distribution, 
which is usually obtained by differentiating experimental 
data. 

In this respect, numerical study may be significant even if 
some simplification of a flow field is required to solve a flow 
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problem numerically. However, although laminar, the flow in 
an anchor-agitated vessel has attracted very few numerical 
studies. This paucity may mainly be attributed to the existence 
of plural solid boundaries because while one of the boundary 
values of the stream function can be prescribed in advance the 
others must be determined through a computational procedure. 
Hiraoka et al. (1978) solved numerically twodimensional flow 
problems in the horizontal plane of a paddle-agitated vessel with 
two solid boundaries, i.e., the surfaces of the agitator and of the 
vessel wall, applying the conservation law of angular momen- 
tum. However, no realistic, accurate and stable solution seems 
yet to have been given for a flow restricted by more than two 
solid boundaries in a vessel, such as in an anchor-agitated vessel, 
which has boundaries on the shaft, blades and vessel wall. 

Recently, Daiguji and Kobayashi (1979) gave a numerical 
solution for the twodimensional flow in channels past two solid 
bodies and proposed an iterative method for the determination 
of the boundary values of the stream function by use of the fact 
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that the total pressure is a single-valued function of the position 
in a flow field. This method seems to be useful in the solution 
of any problems regarding flow restricted by plural solid 
boundaries. 

In the present study, we attempt to apply this method to the 
analysis of flow behavior in an agitated vessel equipped with 
an anchor impeller, and the establishment of a computational 
algorithm of the flow. For the purpose of examining precisely 

the flow induced by the vertical blades of an anchor impeller, 
twadimensional flows in the horizontal plane of the vessel are 
solved. The computational results of velocity distribution and 
agitation power are compared with experimental results, and 
the validity and applicability of this numerical method are 
discussed. In addition, the shear rate distribution, one of the 
important numerical results, is demonstrated and its depen- 
dence on Reynolds number examined. 

CONCLUSIONS AND SIGNIFICANCE 

Two-dimensional Newtonian flow problems in the horizontal 
plane of an agitated vessel with anchor impeller were numeri- 
cally solved. Taking consideration of the fact that the total 
pressure is a single-valued function of the position in a flow 
field, the boundary values of the stream function on the impeller 
blade and vessel wall respectively were able to be uniquely 
determined through an iterative procedure. A variation in 
streamline pattern with a change of Reynolds number was ob 
tained. These patterns agreed qualitatively with the experi- 
mental results of Peters and Smith (1967,1969) and Murakami 
et al. (1972), and it was found that the mean rotational velocity 
of the fluid relative to the impeller was affected slightly by 
Reynolds number and decreased with increasing Reynolds 
number. 

The radial and tangential velocity components and agitation 
power were also obtained, and then compared with the exper- 
imental data obtained from this work and from another paper 
(Takahashi et al., 1980) for an anchor-agitated vessel. The 
computational and experimental results were in excellent 
agreement, and it was shown that the numerical algorithm de- 
veloped in this work is very useful for the analysis of a flow 
bounded by plural solid boundaries. Since this algorithm pro- 
vides a stable method for determining the boundary values of 
the stream function, it might provide a basis for the derivation 
of stable solutions for any two-dimensional flows, such as the 
non-Newtonian flow and the secondary vertical flow in an an- 
chor-agitated vessel insofar as the flows may be expressed by 
twodimensional models. 

DEVELOPMENT OF EQUATIONS 

Governing Equations 

Considering the flow past an anchor blade in the horizontal plane 
of a cylindrical vessel, the domain of the solution is limited to the 
flow field as shown in Figure 1. Both the impeller blade and the 
shaft are rotating with angular velocity a, and the vessel wall is 
stationary. Newtonian fluid is adopted so as to avoid tedious cal- 
culation although non-Newtonian fluid is often encountered in 
industry. The equation of continuity and the equation of motion 
for an incompressible Newtonian fluid in a rotating cylindrical 
coordinate system fixed on an impeller (Greenspan, 1968) are re- 
spectively written as follows. 

a*,** = O  ( 1 )  

W;, + (@* . ti*)@* + - ;*;*2 + 2&* x W* 
-- A*W* = O  (2)  

R20 
where 

W* = W I R w ,  r'* = ?/R,  &* = & / w ,  t* = t w  

p* = p/pRZw2, a* = R e ,  A* = R2A 

In the above equation, W*, &*, P ,  and p* denote the fluid velocity 
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Figure 1. Flow field. 

vector, the angular velocity vector, the position vector, and the 
static pressure, respectively, all which are normalized. And sub- 
script t * represents the operation of partial differentiation with 
respect to dimensionless time. With the introduction of the vorticity 
S and the stream function $*, Eqs. 1 and 2 can be replaced by the 
following vorticity equation and Poisson's equation. 

(3) 

(4) A*$* = 2 ~ *  - S 
where S is relative to the coordinate system fixed on the vessel wall 
and #* to that fixed on the impeller. From the definition of stream 
function, the velocity components in the radial and tangential di- 
rection, u* and v* are given by Eq. 5. 

( 5 )  
where the subscripts, 8 and r*  represent the operations of partial 
differentiation with respect to 8 and r * .  

For the convenience of numerical calculation, the flow field as 
shown in Figure 1 is mapped onto the rectangular mesh system in 
Figure 2 by using the following transformations. 

(6) 

u* = * e ' / r * ,  v* = - +r* 
* 

x = ln(r*/r i ) ,  y = 8 
Then, Eqs. 3, 4, and 5 are rewritten as follows. 

(7) 
U* V* V 1  
r* r* R 2 ~ r * 2  c;* + - {; + - f' = -- (5% + r i g )  

*:% + *iY = r*2(2u* - S )  (8) 

(9) t(* = + ; I T * ,  v* = - *:/r* 

where the subscript x or y denotes the operation of partial differ- 
entiation with respect to x or y. Equations 7, 8, and 9 should be 
solved by specifying a suitable set of initial and boundary conditions 
and stepping the solution out in time until the solution no longer 
varies significantly with time. 
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Flgure 2. Computatlonal region and Integration paths. 

lnitlal and Boundary Condltions 

The solution for steady flow is obtained as the asymptotic solution 
for large time of an unsteady flow. In this work, the following actual 
initial situation is used as the initial conditions. Fluid, blade, and 
shaft are initially at rest and then suddenly the blade and shaft 
begin to rotate with constant angular velocity w. 

The boundary conditions used here are as follows. The flow in 
the vessel is periodical with a period of ?r radians in y direction. 
Namely, 

No-slip conditions at the solid surfaces are given by u* = -1, u* 
= 0 on the vessel wall, and by u* = u* = 0 on the blade and 
shaft. 

In order to solve Eq. 8, the boundary values of +* are also needed 
at each computational time step. However, it is impossible to 
prescribe all the boundary values of #* from the above conditions 
in advance, and they must be determined through the computa- 
tional procedure (Daiguji, 1978). In this study, the following 
method proposed by Daiguji and Kobayashi (1979) may be 
useful. 

The difference in total pressure between points A and B in a flow 
field can be expressed as the following linear integral. 

where 

P* = p* + w * 2 / 2  - (r*w*)2/2 

In Eq. 11, d is the tangent vector to the integration path, and P* 
the total pressure. As the total pressure is a single-valued function 
of the position in a flow field, @* must be zero whenever a closed 
integration path is taken. Some numerical solutions for a flow re- 
stricted by more than one boundary, however, do not always satisfy 
this fact. Even though a solution which satisfies some kind of 
convergence criterion for a steady-state is obtained, it is not a true 
solution when the pressure residue A€'* along a closed path around 
a solid boundary in a flow field is not zero. This inconsistency of 
solution often arises from unsuitable resetting of the boundary 
values of #* during the numerical procedure. 

In this work, the #*-value on the shaft is prescribed to be zero 
and both the values on the blade and vessel wall, #i and +;, are 
determined at each computational time step so that both the values 
of AP* along the closed paths, I'l and r2, around the blade and 
vessel wall shown in Figure 2 are to be zero by means of the method 
proposed by Daiguji and Kobayashi (1979). 

Equations tor Agltation Power 

Considering an obstacle laid in a flow field as seen in Figure 3, 
the torque of the force acting on the obstacle about a fixed point 
0 is evaluated as follows. Multiplying Eq. 2 by the position vector 

Flgure 3. Obstacle in a flow Held and inlegratlon paths. 

?* relative to 0 and then integrating over the region S enclosed by 
the path I 'A + I'B by use of Gauss's divergence theorem, Eq. 12 
is obtained. 

(J, (?* x rip* - - V (6. a*)(?* x W*)@ 
R2W 

= - SS, I?* x W;* + 2?* x (;* x W*))dS 

((6 * a*)(?* x W*) - 2ii x @*)Ids (12) 

where ii is the unit outward normal vector and ds is the line ele- 
ment of the closed path. The left-hand side is the definition for the 
torque of the force on the obstacle about 0 itself. Therefore, 
applying this equation to the present problem, by taking the in- 
tegration path of I'B around the blade and shaft, the torque re- 
quired to agitate the fluid can be determined as the sum of each 
calculated value from the right-hand side of Eq. 12. 

U -- 
R2W 

NUMERICAL METHOD 

Finlte-Difference Formulas of Governing Equations 

The finite-difference method is used to solve the governing 
equations. The vorticity equation is solved by means of the alter- 
native-direction implicit method improved by Briley (1971) and 
Poisson's equation by using Crout's method (Akasaka, 1978). Ac- 
cordingly, Eqs. 7 and 8 are rewritten as the following difference 
formulas. 
Vorticity Equation 

Poisson's Equation 

c#;r):,,zt + (+;y)TT I = r;2(2w* - c*;+ 1 (15) 
In the above equations, the subscripts i ,  j correspond to the x, y-  
coordinates, and the superscript n is the time step index. The de- 
rivatives in Eqs. 13, 14 and 15 can be expressed by use of a non- 
uniform mesh system. The expressions for x-direction are 
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wheref represents 5" or $* and 6xi is defined by 6xi = xi+ 1 - x i .  
The same expressions are also obtained for y-direction. 

Modification of Boundary Values of Stream Function 

Equation 11 can be transformed into the difference form for the 
residual values of the total pressure along the closed paths, rl and 
rZ, as follows. 

n+ 112 

V -- 
R2W 

17) n+ l l2] 

17) n+1'2] 

(3, j- 1 /2 

i&j-1/2 

6Yj-1 

6 ~ j - I  

Corresponding to the magnitudes of these pressure residues, the 
boundary values of $; and $; are improved by the following 
equations proposed by Daiguji and Kobayashi (1979) in an iterative 
procedure at each computational time step. 

$L"+ 1 )  = $L@" + aA$*(N+ 1) (20) 

" (21) 
M 

fi=1 

A$;(N+ 1 )  = Ap*n+ 1/2b". &* c ILL,". 

(v = 1,2,. . M )  

In the above equations, M denotes the number of solid boundaries, 
the superscript N is the iteration index, $; is the stream function 
on the p-th obstacle to be improved by the correction factor A$;, 
AP: is the pressure residue along the path r,, and a is a constant 
limited from 0 to 1, which is chosen to accelerate the convergence 
of solution. ILL,+ in Eq. 21 is the value of circulation along the path 
I?,, which is obtained by taking the stream function on the p-th 
obstacle as unity and those on others as zero. Namely, ILL,v is ex- 
pressed as 

where ds is the line element of the path rv, and d/dn denotes the 
operation of partial differentiation with respect to the outward 
direction normal to rv $* in Eq. 22 is given as a solution of 

(23) 

In this work, we designate the blade as the 1st obstacle and the 
vessel wall as the 2nd one. For example, I1,l and 11.2 can be obtained 
under the boundary conditions of $* = 1 on the 1st obstacle and 
$* = 0 on the 2nd one. In addition to these conditions, the periodic 
condition of $*,J/;I,=o = 

$L + $;y = 0 

is needed. 

Solid 
Boundary 

Figure 4. Notation for grid points near the solid boundary. 
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-43 n = n+l 

Cornpu t e 
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(PRINT/ 
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I 

Correct g"'' 

Correct <6"" 
I 

Figure 5. Computational procedure. 

Determination of Boundary Vorticities 

The expressions for the boundary vorticities are derived to satisfy 
the no-slip condition. We consider a solid boundary parallel to the 
y-axis, moving in the y-direction with speed v i  as seen in Figure 
4. Through the expansion of the stream function in Taylor series, 
the following expression is obtained by eliminating the higher order 
derivatives than the fourth, and by substituting the lower ones from 
the first to the third for vorticity and velocity using Eqs. 8 and 
9. 

Similarly, the velocity at a boundary parallel to the x-axis, moving 
with speed u; (in this work, u i  = 0), is given as 

To apply Eqs. 24 and 25 to evaluate the vorticities on the blade, 
the values at convex corners are approximated by the arithmetic 
mean of the vorticities from Eqs. 24 and 25. 

Computational Scheme 

The outline of computational procedure is illustrated by the flow 
chart in Figure 5. In this figure, the variables of which the sub- 

Agitated 

Camera 
I' 

c 0128 4 

Constant temperature 

Mirror --Li 
-j 
bath 

Figure 6. Schematic diagram of experlmentel apparatus. 
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Rc=l 1 - 1  

Rc=SO 1 - 1  

Figure 7. Stream llnes drawn relatlve to the blade. 

scripts are omitted are ones at interior points, while the boundary 
values are represented by the subscript b. A summary is now given 
of the algorithm which was used to advance the time-dependent 
variables from the n-th to the (n + 1)-th time level. 

1) Predict u * " + ~ / ~ ,  u * " + ~ / ~ ,  C", $in+' and $*"+I by a 
linear extrapolation from the n-th and (n - l)-th time levels. At 
n = 1, this procedure is omitted and those values are replaced by 
the initial values at n = 0. 

2) Solve Eqs. 13 and 14 to obtain the new Sn+l. 
3) Compute the pressure residues along the paths, I'l and r2 

using the new r n + l  and the last values of $*"+l, u * " + ~ / ~  and 
,,*n+1/2, 

4) Correct $r+l using Eqs. 20 and 21. 
5) Solve Eq. 15 to obtain the new $*n+l. 
6) Compute u*"+l and u*"+ using the new $*"+I from Eq. 

7) Correct g+' using Eqs. 24 and 25. 
8)  If the pressure residues obtained at step 3) are less than the 

desired criterion, the calculation is advanced to the new time level 
increased by increment 6t* .  If not, u*n+ 112 and u*"+lI2 are re- 
evaluated and the calculation is returned to step 2). 

9. 

Re-50 1 - 1  

Flgure 8. Flow near the blade. 

c 0 : Experimental 
Flgure 9. Tangential veloclty distributions (Re = 1 ). 

The above computational cycle is repeated until a steady-state 
solution is obtained. 

The torque required to agitate the fluid is evaluated at the (n + 1/2)-th time step as the sum of TT+1/2, the torque of the force 
on the blade, and TZ"+'/2, that on the shaft, from the following 
difference equations which are derived from Eq. 12. 

BIade.Sh;rtt 
so' 

- 0.4 0.7 0.9 1.0 
0.4 0 -0.4 r /R 1-1 

I-' -: Calculated 
0 : Experimental 

Flgure 10. Rdlal veloclty dbitrlbutlons (Re = 1). 
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r / R  1 - 1  
Figure 11. Typical variation in the tangential velocity distribution with the 

change of Reynolds number. 

where the subscripts il, i2, is. j l ,  j 2 ,  and jF represent the x ,  y- 
coordinates as shown in Figure 2. 

EXPERIMENTAL 

Velocity profiles in an agitated vessel equipped with an anchor 
impeller were measured and compared with the computational 
results. The experimental apparatus is shown in Figure 6, sche- 
matically. The cylindrical vessel, which was made of transparent 
acrylic resin, had a flat lid and a flat bottom. The vessel was im- 
mersed in water in a square-sided transparent acrylic vessel to re- 
duce optical distortions. The impeller was the same anchor impeller 
as used by Takahashi et al. (1980), i.e., a close-clearance type im- 
peller which consisted of two vertical flat plates. An aqueous so- 
lution of corn syrup known as a Newtonian fluid was used. Small 
solid particles of almost the same density as the agitated fluid were 
used to trace the motions of the fluid. The local velocities of the 
fluid were determined by analyzing photographs of the side view 
and bottom view of the agitated vessel. 

In addition, the agitation power for the impeller was measured 
by a rotating torque meter and compared with the computational 
results. 

RESULTS AND DISCUSSION 

Numerical analysis was carried out for the case of clearance ratio 
c /D  = 0.05, as an example. Both the width of the blade and the 
diameter of the shaft are one-tenth of the vessel diameter. 

Flow Patterns 

The variation in streamline pattern with increasing Reynolds 
number is illustrated in Figure 7, and an example of the flow near 

9 0" 

U-Lu 0.7 10 
0.2 0 - 0 2  r / R  I-) 

u / v S  1 - 1  

Figure 12. Typical variation in the radial velocity distribution with the change 
of Reynolds number. 

Re=10 1 - 1  
(b) 

Rc.50 [ - I  

Figure 13. Distributions of shear rate, a( v / R w ) / d ( r / R ) ,  ail over the flow 
field. 

(C) 

the impeller blade is shown in Figure 8 in detail. These patterns 
show tendencies similar to those of the experimental results re- 
ported by Peters and Smith (1967, 1969) and Murakami et al. 
(1972). Namely, with increasing Reynolds number, the symmetry 
evidence of the flow respect to the blade is gradually lost, and at 
Re = 50, a region where the fluid moves with the blade is seen 
behind the blade as shown in Figure 8. Both the #*-values on the 
blade and vessel wall decrease slightly with increasing Reynolds 
number, which means that the average rotational velocity of the 
fluid relative to the impeller is affected slightly by Reynolds 
number and decreases with increasing Reynolds number. 

Velocity and Shear Rate Distributions 

Typical distributions of fluid velocities relative to the coordinate 
system fixed on the vessel wall are shown in Figures 9 and 10, in 
which I)B is the tangential velocity of the outer-tip of the blade. 
Figure 9 shows the tangential velocity distributions at 0 = 15", 45", 
75", 105", la", and 165", and Figure 10 the radial ones at r/R = 
0.4,0.7, and 0.9. The experimental values plotted in these figures 
were measured in the region of 0.5 z / D  2 0.8. Excellent 
agreements between the calculated and observed profiles were 
obtained all over the flow field. 

Rcl-l 
__ 50 

10 .._.. J, - 
y P l , 8 , , , * , ' l  

0.1 0.2 a3 04 as 0.6 0.7 0.8 09 ID 
r l R  I - ]  

Figure 14. Shear rate distributions along radial direction. 
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Typical variations in tangential and radial velocity distributions 
with the change of Reynolds number are shown in Figures 11 and 
12, respectively. Figure 11 shows the downstream velocity distri- 
butions at 45” from the blade. With increasing Reynolds number, 
the fluid drag by the impeller blade is greater, thus the distribution 
curve has a larger maximum value. Figure 12 shows the radial 
velocity distributions at r / R  = 0.7. The fluid is displaced in toward 
the shaft and passes around behind the blade. The displacement 
flow which appears immediately in front of the blade is more re- 
markable at higher Reynolds number, while the flow around be- 
hind the blade is more pronounced at lower Reynolds number. 

The shear rate distribution is also calculated. Figures 13(a) to 
13(c) show the distributions of normalized tangential shear rate, 
b ( v / R w ) / d ( r / R ) ,  relative to the coordinate system fixed on the 
blade. It is evident that high shear rate appears near the inner and 
the outer edges of the blade. However, the shear rate becomes 
suddenly small in the region apart from the blade. Although the 
pattern of the distribution changes with increasing Reynolds 
number, the degree of non-uniformity in normalized shear rate 
in the flow field is relatively unaffected by Reynolds number. The 
detailed distributions along radius at the blade position are shown 
in Figure 14. The distribution curves are similar to those reported 
by Peters and Smith (1967). From this figure, it can be seen that 
the difference among the normalized curves at each Reynolds 
number is enhanced at the regions near the solid boundaries, 
especially at the clearance between the blade and the vessel wall, 
where considerable variation in the shear rate is observed. 

AgHallon Power 

The calculated results of steady-state torque are compared with 
the experimental data obtained from this work and from another 
paper (Takahashi et al., 1980) in Figure 15, plotting power number, 
N,, versus Reynolds number, Re. It is evident that the computa- 
tional and experimental results are quite well in agreement. These 
calculated values are independent of the choice of closed inte- 
gration paths around the blade and shaft. 
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NOTATION 

C 

D 
d 
N 
NP 
ti 
bldn 

P.P 
AP 
R 
Re 

= clearance between blade-tip and vessel wall 
= vessel diameter 
= impeller diameter 
= rotational s p e e d  of impeller 
= power number (= 2*T/pN2d5) 
= unit vector normal to closed path 
= partial differentiation with respect to normal di- 

rection to closed path 
= total or static pressure 
= pressure residue defined in Eq. 11 
= vessel radius 
= Reynolds number (= d2N/v) 

= position vector 
= shaft radius 
= cylindrical coordinates 
= surface area shown in Figure 3 
= tangent vector along closed path 
= torque required to agitate fluid 
= torques of the forces on the blade and the shaft 
= time 
= time space 
= velocity components 
= tangential velocity of blade-tip 
= velocity vector 
= rectangular coordinates 
= grid spaces 
= axial distance from vessel bottom 

Greek Letters 

r = closed path 
A = Laplacian 
a 
r 

XP 

= vector operator known as nabla 
= vorticity vector 
= vorticity 
= viscosity CC 

V = kinematic viscosity 
= density 
= stream function 

lk w = angular velocity vector 
0 = angular velocity 

t 

sub.crlpb 

A,B,F,1,2,3 = closed path indexes in Figures 2 and 3 
b = boundary value 

= t-th row and j-th column 
x,y,r,8,t = partial differentiation with respect to x, y, r ,  8, and 

= p-th obstacle CL 
U = u-th closed path 

Suf)emrlptr 

N = N-th approximation 
n = n-th time step * = dimensionless variable 

Cj 

t ,  respectively 
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